This study provides a direct method based on the method of characteristics with assumptions of non-viscous ow and thermally perfect gas to design an axisymmetric plug nozzle. Inputs for numeric code include output Mach number, speci c heat ratio, global gas constant, and a number of discrete steps of Prandtl-Meyer expansion fan. In the design process, no simpli cation was made and only unique spike geometry was created. Based on the criterion that locates the tip of the spike on the axis of symmetry, for each output Mach number, a correction factor was extracted which is the sole source of theoretical errors. The studied parameters include spike geometry, parallelism of exhaust nozzle ows and uniformity. Based on the numerical analysis, obtained results are consistent with desired output Mach number, and output ow is parallel to the axis of symmetry. A simple and direct formulation was used which performed very fast. Due to the error detected, which resulted in the surface slope reduction factor, some movement in spike geometry relative to ideal conditions was raised. Thus, the e ect of a reduction factor may tend to zero by increasing the design Mach number.
Introduction
Bell-shaped nozzles are used widely in the spacecraft propulsion; however, a major problem about the nozzle is its limited range of their e ciency in changes in atmospheric pressure. At atmospheric pressure higher than the set point, which is generally close to the ground surface, the nozzle is positioned in an overexpanded condition and shock waves occur at the outlet of plug lip. In situations where atmospheric pressure is lower than the set point, the nozzle is positioned in under-expanded condition, and a generation of an expansion wave fan at the outlet nozzle lip is detected [1, 2] . In each of these conditions, the amount of nozzle propulsion is less than the ideal state; then, the nozzle e ciency is reduced. The mentioned problems bring about the idea of aerospike nozzles where, due to their geometry, propulsion forces can be generated close to the design requirements in a wide range of ambient pressures, and the pressure through the calculation of thrust is removed theoretically by creating expansion/compression through interaction with the environment. Aerospike or plug nozzles generally have a plug and, in general, the ow supersonic expansion partially or completely occurs outside the outer shell of the nozzle and interacts with the atmosphere. Over time, geometrical types of the aerospike nozzles or plugs include axisymmetric, two-dimensional, and annular-and linear-shaped geometries. In this study, the purpose is to design an axisymmetric aerospike nozzle with a unique geometry for any Mach numbers by means of a direct method.
The concept of the plug nozzle was rst conceived by the Germans prior to the Second World War for jet airplane applications. Rolls-Royce, Ltd proposed the plug nozzle concept for rocket propulsion in U.S. in 1950 [3] . In 1961, Rao introduced the advancement of the plug nozzle equipped with rocket engines where, in the study, aerospike nozzles were raised as a new design of types of nozzles [4] . Between 1950s and 1970s, experiments were conducted on both annularand linear-shaped geometries of the aerospike nozzle at General Electric and Rocketdyne that led to further development in plug nozzles. Later, in the 1990s, the experimental X33 SSTO program reinvigorated an interest in the linear aerospike nozzle. Over the past two decades, there has been a renewed interest in plug nozzles for ow physics knowledge and also in development and optimization of the nozzle that led to various experimental studies and understanding of the nozzle performance [5] [6] [7] [8] [9] [10] [11] . The computational studies mainly focus on validating the present-day solvers for predicting the plug nozzle ow elds [12] [13] [14] [15] . Major researchers have used designing methods for the plug nozzle in the [16] [17] [18] . In 1974, Gearold et al. [19] studied the design of maximum thrust plug nozzles with variable inlet geometry. The results showed that length of the plug nozzles can be reduced to optimum level with the slight loss of axial thrust; the nozzles' geometry with constant length is so much dependent on base pressure, and this parameter should be considered to obtain a correct design and bring it closer to reality. Finally, the optimal inlet angle of the nozzle is a function of pressure and speci c heat coe cient and is highly sensitive to these two parameters [19] . In a study conducted by Wuye et al. the aerospike nozzle performance and its contour optimization for solid propellant rocket motor were investigated. The study noted that thrust is reduced at the beginning of path according to experimental results with respect to solid rocket motors equipped to aerospike nozzle and, then, the mentioned thrust increased with an increase in pressure behind the nozzle. This phenomenon is common against a variety of bell-shaped nozzles; in addition, experimental results showed that the force of the aerospike nozzle during ight varies in a wide range. In this regard, this study has proceeded towards optimization and the xing of special impulse [20] . Besnard [21] . Besnard and Garvey in 2004 investigated the motor applicability equipped with aerospike nozzle in a small propellant and control for nano-satellite. This study highlights the priority of using an aerospike nozzle in the rst step of a two-stage launcher of nano satellite. The reason for the priority in this research is explained as high amounts of available speci c impulse through the aerospike nozzle [22] . Zebbiche and Youbi investigated a method based on the use of the Prandtl-Meyer function of perfect gas to design the contour of a plug nozzle of arbitrary shape and speci ed exit ow conditions. Using this method, the condition of designed nozzles in supersonic ow was compared with common bell-shaped nozzle whose results point to optimization of the plug nozzle in terms of thrust generation [23] . Other researchers, such as Kraiko and Tillyayeva investigate the optimal contouring of two-dimensional and axisymmetric aerospike nozzles providing maximum thrust in the given dimensions and external pressure [24] . Wang et al. conducted a study in the eld of aerospike nozzle design and optimization. In their study, a simpli ed design and optimization method of aerospike nozzle contour and the results of tests and numerical simulation of aerospike nozzles are presented. The primary nozzle contour is approximated by two circular arcs and a parabola; the plug contour is approximated by a parabola and a third-order polynomial [25] . There are many researches that study the ow elds associated with truncated annular plug nozzles of varying lengths both experimentally and using computational tools. The ongoing investigation and identi cation of physics of ows is of great importance among the researches for several reasons: the importance of the issue, unveiling of some unknown phenomena, and the need for physical interpretations in the nozzle. Chutkey et al. investigated the analysis of annular plug nozzle ow eld. Four nozzles with di erent lengths were studied experimentally along with computational tools. The applicability of RANS method and its limitations in prediction of ow in truncated spikes were studied [26] .
The used method for designing the aerospike nozzles similar to kinds of bell-shaped nozzles is the method of characteristics. Rao used the common method for designing an axisymmetric aerospike nozzle is developed [16] . In this method, the maximum thrust is obtained by a nozzle contour according to xed length of the nozzle and constant ambient pressure. The assumptions of the study are non-viscous and isentropic ow expansions. In this study, the variational integral is formulated along with control surface in output of nozzle, and the characteristic of ow is determined in the control surface and the nozzle contour is constructed by the method of characteristics to meet the desired ow. The major problem of this approach is the assumption of a constant length of the nozzle, including a constant characteristic slope contour and the complexity of the design process.
Another presented method makes the nozzle contour geometry using analytical approximate conditions. This method was introduced by Angelino and uses an approximate method to design a plug nozzle [18] . In this method, the geometry was generated approximately, and parallelism of exhaust ow vectors were not guaranteed.
The present study was carried out due to the need for a design code for axisymmetric plug nozzle design with the least amount of simpli cations and assumptions such as straight Mach lines and xed length of nozzle.
In this study, using the method of characteristics, a direct method is presented to design an axisymmetric aerospike nozzle contour design geometry and external expansion of ow with given assumptions. In this method, all the expansion processes of the ow occur as Prandtl-Meyer expansion waves in external wall of the nozzle and in outside lip. The initial assumptions are non-viscous ow, thermally prefect gas, and isentropic expansion. A gradual numerical solution method of four-order Runge-Kutta was used to capture the characteristic lines; therefore, the slope of the characteristic lines and its progress in every step can continue until reaching the spike level point. In this method, considering the slope of the characteristic lines in every step and using a non-linear relationship as a derivate based on the numerical and discretional axisymmetric design, there is no errors due to considered xed slope. Errors in the method include deviation from the thermally prefect gas, viscous ows, Prandtl-Meyer fan as well as the reduction factor. Compared to the method presented in [16] , the presented method in this study has not considered length limitation for the nozzles and achieved the nozzle length with the desired output Mach number. In addition, compared to the method proposed in [18] , lack of re ection characteristic lines of the surface and the output angle of the ow parallel to the axis of symmetry are considered.
Problem explanation and governing conditions
In the present study, initially, it is assumed that the entire process of expansion into the supersonic area occurs outside the nozzle body and the yield of design belongs to spike contour of plug nozzle such that the re ection of characteristic contours (Mach lines) does not occur. The design assumptions include thermally prefect gas and non-viscous uid. In this condition and in every point over spike, slope of contour must be equal to ow angle; thus, the nozzle spike contour was achieved. The characteristic conditions were used to design the axisymmetric ow. As noted earlier, the purpose of axisymmetric aerospike nozzle design with external expansion of ow is to capture the nozzle spike geometry, which should be a unique solution ideally. In Figure 1 , the aerospike nozzle geometry is in two- 
In the above equations, the superscript sign is dedicated to both right-running and left-running characteristics. Compared to the two-dimensional plane ow, the compatibility equation is not linear and explicit; besides, the slope of characteristic lines is not constant; therefore, a numerical method is required to solve the mentioned equations; to this end, in the current study, the four-order Runge-Kutta method was used. It is proven that the design of the subsonic portion of nozzle with a throat area is not very critical, and as observed, the same results in the nozzle outlet with di erent inlet geometries can be detected [3] . The nozzle design in the study was carried out with completely external expansion, meaning that the whole acceleration process of ow and its expansion around the lip of the nozzle is done as in Prandtl-Meyer fan cocentrality. By determining input values of the speci c heat coe cient, nozzle throat length, and desired outside Mach number, the total amount of rotation of ow In Figures 1 and 2 , AB line is the sonic characteristic line, Ai line is one of the central characteristic lines on the solution, A(i + 1) line is the next characteristic line, and AC is the terminal characteristic line. The AC in both geometries is a line with a constant slope. As mentioned, in the two-dimensional plane ow, the slope of characteristic lines is xed, and that is why all characteristic lines on the geometry are straight lines. By measuring amount #(M) to design Mach number from Eq. (3), the angle of the throat nozzle ow (the total required angle to rotation to achieve Mach number equal to 1 to the design Mach number) is obtained. First, the total required angle for rotation of ow #(M) is discretized to small angles of d#(M). For the two-dimensional plane geometry, the length of AB line can be obtained from the area of the nozzle throat, and spike geometry is obtained from the intersection of two lines i(i + 1) and A(i + 1). In axisymmetric geometry, the solution process becomes more complicated. In this geometry, calculating #(M) and discretizing solution domain are similar to twodimensional plane geometry; however, given the dependence of the slope on the distance from the axis of symmetry from Eq. (2), the characteristic lines must be discretized and calculated using the four-order Runge-Kutta and Eq. (2) must be solved in every discretized linear step. For axisymmetric geometry, the rst step is the calculation of sonic line AB. In every step, the area of formed axisymmetric is calculated, and when the area reaches the calculated value of the nozzle throat, the solution stops, and the rst characteristic line is formed as an indicator of sonic line of throat AB. In this step, the ow angle value is obtained at point B that is di erent and slightly bigger than axisymmetrical design and the amount of ow angle at point A. This is in contrast to the at two-dimensional solution. From this point onwards, a continuous solving process leads to an unconventional geometry, because, in every step, the terminal angle on characteristic line located on spike is more relative to discretized central angle at point A, and the nal point of spike is located under the bottom of symmetry line so that the resulted geometry cannot be proper. To overcome this problem, caused by physics of axisymmetric ow, a xed reduction factor of resulted terminal slope is considered for each point i so that, at the end of the solution, terminal point C is placed on the axis of symmetry. Next, this reduction factor is determined by increasing the amount of ow Mach number, and because of a reduction of characteristic line slopes in each of terminal stations, the reduction factor becomes close to one and spike geometry will be very close to the ideal geometry. The impact of the coe cient is a reduction in the amount of required rotation of ow on the spike so that its impact will be dominant in creating the local compressive waves on the spike in practice.
Results
The design code based on the MOC method was explained in the previous section and was carried out for di erent supersonic Mach number plug nozzles. The values of a reduction factor based on output Mach number are shown in Table 1 .
The results for exit Mach numbers 1.3, 1.7, and 2 were presented in ideal pressure ratio in each Mach number, including designed spike geometry and numerical results. The obtained geometry for the mentioned Mach numbers was achieved from nozzle design code and was compared with CFD Mach contour, as shown in Figures 3, 4 , and 5 showing a consistent Mach distribution between CFD and MOC. Output radius of nozzle is considered equal to unit, and the number of characteristic lines in the designed cases is equal to 200 lines where, due to the discretizing solution for every characteristic with discretized distance of about 0.001, these lines are created as curves at the throat of nozzle, and terminal characteristic line is created as a line with a constant slope because zero ow angle is zero at outlet in Eq. (2) . As mentioned earlier, there is no limitation apart from assumptions of non-viscous ow and thermally prefect gas in the design process. According to the design requirements, it is ex-pected that the Mach number distribution along the axis of symmetry of nozzle and over spike would increase uniformly from a unit to setting Mach number; in the design pressure ratio, the Jet stream output exits uniformly and is parallel to the axis of symmetry of the nozzle. Another important measure is the continuity of the slope of spike so that if there is no continuity of curve slope, the risk of ow separation will increase. In order to evaluate the functionality of the designed nozzles for each exit Mach number, the numerical simulation in the outer diameter of the outlet nozzle was taken to be 5.5 cm and in design pressure ratio for each Mach number (isentropic pressure ratio for output pressure of 1 atm.). Numerical simulation parameters are given in Table 2 .
Using Figures 6, 7 , and 8 and comparing the resulting Mach contours of nozzle both resulted in a design code and a numerical solution for the ideal pressure ratio of nozzle; in addition, good consistence was observed between Mach number distributions in the spike. The Mach number in the last characteristic line was consistent with designed Mach numbers for each nozzle. Another important parameter in the aerospike nozzle is the parallelism of ow to the axis of the nozzle and the uniformity of the outlet angle of the nozzle into the ideal pressure ratio of the nozzle. If the ow is not parallel, the thrust vector has a lateral component and the e ciency of Nozzle reduces. Figure 9 shows the distribution of outlet angle at exit nozzle leading to the tip of the spike. The range of changes of angle on the negative side is of maximum 0.01 degrees and, at best, it is 0.003 degrees, which is quite perfect. These deviations are higher when the nozzle operates in higher or lower ambient pressure. The minimal amount of exit ow angle deviation at the nozzle outlet represents the validity of functional design of nozzle geometry at designed atmospheric pressure and enables the nozzle to generate maximum thrust by exhausting ow parallel to the axis of symmetry. Another important parameter in the design of the aerospike nozzle is continuity of spike curve; if it meets its criteria, the risk of ow separation may reduce, because, in the supersonic ow, lack of continuity may cause a sudden change of a slope of surface and make local compressive waves. Figure 10 shows the distribution of spike curve slope along the axis of symmetry. Using the gure, it is known that there are established continuity conditions for each point of spike (there are no sharp edge or breaks in the curve).
The last parameter evaluated in this study is the nozzle e ciency using a number of analytical data. The e ciency of a nozzle was achieved by Eq. (4) [2]: Nozzle = actual exit velocit y 2 ideal exit velocit y 2 :
For a designed nozzle contour, the amount of thrust of nozzle and the e ciency in design condition are shown in Table 3 . Finally, Figure 11 shows a comparison among the pro les of designed nozzles in the presented method and other resources associated with aerospike nozzle. According to this gure, the contour resulted in the suggested method has more compliance with analytical method presented in [18] ; however, in the input region, a minor di erence can be seen. This means that the proposed method in [18] predicts more input area. Due to the form of the method, the mentioned reference is used through estimating method by analytical equations and does not use the method of characteristics; besides, there is no analysis of these di erences. The value of the di erence in less Mach numbers was observed better (Figure 12 ). Compared with the method presented in [16] , there are many di erences. Firstly, due to di erences in calculation methods, spike cuts o , and considering the slope of characteristic lines as constant makes the characteristic lines longer than true state; thus, leaner spike is obtained as compared to the other two methods; in addition, the inlet area of ow is also predicted to be more than true value. The e ect of viscosity virtually makes the spike thicker than the ideal condition and can be determined as displacement thickness in each station on spike. Two-phase ow, which occurs in solid propellant rockets, changes the speci c heat ratio, and density of ow can be considered using CFD results in MOC output, in which both of mentioned deviations are out of scope of this study.
Conclusion
The current study introduced the design method of the aerospike nozzle while assuming a non-viscous ow, thermally prefect gas without any limitation and certain error sources; in particular, based on the Method Of Characteristics (MOC), three nozzles geometries for Mach numbers 1.3, 1.7, and 2.0 were designed through the numerical code formulation. The introduced method has the capability to create geometry in the desired exit Mach for each type of operating gas in very simple and low computational cost. In this method, to create a concave and at geometry for spike and also to reach the tip of the spike to the symmetry line, a reduction factor for terminal angle was obtained on the surface of spike for each Mach number so that, by increasing the exit Mach number, due to the reduction of slope of each characteristic line and widening of expansion fan in the nozzle cowl, the reduction factor used for the terminal angle is close to number 1 and, thus, the resulting error can be removed. Due to the reduction of spike angle in non-ideal conditions, this factor creates poor local density waves on the low design Mach numbers. To validate the design code for nozzles, three 2-D axisymmetric numerical simulations were performed for the given Mach numbers 1.3, 1.7, and 2.0, where the constant output diameter of nozzle is equal to 55 mm and certain isentropic ratio of design for creating output pressure is equal to 1. The results included Mach number distribution, the output angle parallel to the axis of symmetry, and the created thrusts which all represent very good consistency with the results of analysis and numerical code developed for nozzle design. In addition, the investigation of the slope of the spike indicates the continuity of spike curve in order to prevent the ow separation risk. Two common methods for aerospike nozzle design in [16, 18] were proposed. A comparison of the proposed method in the current study with those mentioned in references was conducted. In comparison with the [16] , due to xed slope of the characteristic lines, deviation from actual conditions, and xed nozzle length in this method, the presented method in this study is more consistent with the real condition; moreover, there is no limitation in nozzle length. In addition, in the method introduced in [18] , there is considerable overlapping in results; however, the prediction of the area of inlet in this reference is not appropriately accurate, and it is an area greater than the actual value. He has executed several energy projects among which the power production from water distribution network can be named. He has recorded several inventions and also has published numerous research papers in the eld of numerical simulations and also optimization of di erent engineering problems. His research interests are energy, turbulence, physics and astronomy, computational uid dynamics and optimization.
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